This paper gives some geometric applications of the derived McKay correspondence established by T.Bridgeland, A.King and M.Reid. Let G ⊂ SL(2, C) be a finite subgroup, and X be the moduli space of G-clusters. They showed that X gives a crepant resolution of the quotient C 2 /G, and X is derived equivalent to Gequivariant coherent sheaves on C 2 . In this paper, we apply it to compare Hilbert schemes of points on X and G-invariant Hilbert schemes on C 2 .
Introduction
Let G ⊂ SL(2, C) be a finite subgroup and X be the minimal resolution of the quotient C 2 /G. The classical McKay correspondence is a relationship between representations of G and cohomology of X. In [15] , T.Bridgeland, A.King, and M.Reid gave the most sophisticated formulation using derived categories, and established derived McKay correspondence in dimension less than or equal to three. In our situation, their formulation is the following: Let G-Coh(C 2 ) denote the abelian category of G-equivariant coherent sheaves. Then the derived McKay correspondence is an equivalence of derived categories:
In fact X coincides with the moduli space of G-clusters. A G-cluster is a zero-dimensional G-invariant subscheme Z ⊂ C 2 , whose global section H 0 (O Z ) is isomorphic to C[G] as a Grepresentation. The above equivalence is given by the universal G-clusters, so skyscraper sheaves on X correspond to G-clusters on C 2 . The fact that X is given by the moduli space of G-clusters is also interpreted as follows: Let A ⊂ D b (Coh(X)) be the Abelian subcategory which corresponds to G-Coh(C 2 ) under the above equivalence. Let us consider the quotient O X ։ O x for general x ∈ X, and consider the moduli theories of such quotients in Coh(X) and A. Then they have the same moduli spaces, that is X itself. But different and interesting phenomena occurs if we consider the quotients O X ։ O T for zero-dimensional subschemes T , whose length are n ≥ 2. In fact O X → O T is not necessary surjective in A, hence the moduli space gives the different partial compactifications from that of Hilb n (X). As a generalization of G-Hilbert scheme introduced in [5] , let
be the connected component which contains n-disjoint union of free orbits. Here |G| is the order of G, and Hilb n|G| (C 2 ) G means G-invariant part of Hilb n|G| (C 2 ), with its reduced scheme structure. G-Hilb n (C 2 ) is expected to be the corresponding moduli space of A. Our main theorem is the following: Theorem 1.1 Assume C 2 /G has A N -singularity. Then there exist smooth varieties G-Hilb n (C 2 ) = X 0 , X 1 , ... , X k−1 , X k = Hilb n (X), and projective birational morphisms:
, for some varieties Y i , such that Hilb n (X) and G-Hilb n (C 2 ) are connected by those birational morphisms:
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Moreover all the X i have symplectic structures. In particular G-Hilb n (C 2 ) is smooth and has a symplectic structure.
As an immediate corollary, we have the following: Corollary 1.2 Hilb n (X) and G-Hilb n (C 2 ) are K-equivalent.
Hence they have the same virtual betti numbers, euler numbers, and Hodge numbers.
Hilbert schemes of points on algebraic surfaces, especially its cohomologies are interesting topics and related to other areas, also theoretical physics. For example see [4] . Therefore Hilb n (X) are deeply studied, and Theorem 1.1 will give some methods to study G-Hilb n (C 2 ). For example, the formulas for the virtual Hodge polynomials of Hilbert schemes of points are given in [6] . Using these formulas we can study virtual Hodge polynomials of G-Hilb combined with Theorem 1.1.
Furthermore the recent result of D.Kaledin [3, Theorem 1.5] implies that in the situation of Theorem 1.1, derived categories of coherent sheaves of X i and X i−1 are equivalent, etále locally on Y i . The author is not sure whether we have to pass etále neighborhood or not in the situation of Theorem 1.1. But it seems that there are some hopes to conclude the derived equivalence between Hilb n (X) and G-Hilb n (C 2 ), through Theorem 1.1. The proof of Theorem 1.1 goes as follows: First we show the Abelian category A is nothing but the perverse t-structure 0 Per(X/W ), which was given in [12] . Here W := C 2 /G. Then we introduce the perverse Quot functors, and consider their moduli problems. These are moduli spaces of objects of 0 Per(X/W ), and we will give X i by such moduli spaces. Finally we study the properties of X i and show that {X i } 0≤i≤k are smooth and have symplectic structures.
Notations and conventions
• All the schemes or varieties are defined over C.
• For a scheme X, the bounded and unbounded derived categories of coherent sheaves are denoted by D b (Coh(X)), D(Coh(X)) respectively.
• For another scheme S and an object A ∈ D b (Coh(X)), we denote its pull back to X × S by A S . Also for a morphism f : X → W , we write f S for f × id S : X × S → W × S.
Perverse t-structures and tilting
In this section, we recall the definition of perverse t-structures in the sense of [12] , and its relation to tilting founded in [1] . Let X, W be quasi-projective schemes, and f : X → W be a projective morphism. We assume the following:
• All the fibers of f has dimension less than or equal to one.
• The derived direct image Rf * O X is isomorphic to O W .
First we have the following derived functor:
and define a triangulated subcategory D as the preimage of D b (Coh(W )) by the above functor:
Then the restriction of Rf * to D has a left adjoint Lf * and a right adjoint f ! : • Rf * Lf * = id, and Rf * f ! = id .
•
Let C ⊂ D be a triangulated subcategory whose objects consists of E ∈ D which satisfies Rf * E = 0. Then we have the triple of the triangulated categories:
As in [12, Lemma 3 .1], we can easily see that E ∈ C if and only if H k (E) ∈ C, using the assumption that the dimension of all the fibers of f are at most one. Hence the standard t-structure on D(Coh(X)) induces a t-structure (C ≤0 , C ≥1 ) on C. In this situation, we can glue t-structures on C and a standard t-structure on D b (Coh(W )).
Definition 2.2 ([12])
For p ∈ Z, define t-structures on D as follows:
The heart of the above t-structure is denoted by p Per(X/W ):
We will only consider the case of p = −1, 0. We have the following criterion for an object of D to be in the heart of the above t-structures:
and only if the following conditions hold:
• E is concentrated on [−1, 0].
• f * H −1 (E) = 0, and R 1 f * H 0 (E) = 0.
Next we see the above t-structures are obtained by tilting. (see [1] )
full subcategories of an Abelian category A is called a torsion pair if
• For T ∈ T and F ∈ F , we have Hom(T, F ) = 0.
• For any object A ∈ A, there exists an exact sequence,
with T ∈ T and F ∈ F . Objects of T , F are called torsion and torsion-free respectively.
Given a torsion pair of A, we can make another Abelian category in D b (A) by the following Proposition:
a torsion pair of A. Then the following full subcategory
is a heart of some t-structure on D b (A). In particular A † is an Abelian category.
In the situation of Proposition 2.5, we say A † is obtained by tilting with respect to the torsion pair (T , F ). Our t-structures p Per(X/W ) for p = −1, 0 are also obtained from Coh(X) by tilting. Let us define the following subcategories of Coh(X):
Then the above categories give torsion pairs.
give torsion pairs of Coh(X), and tilting with respect to those pairs are
It is clear from the definition of (T i , F i ) and Lemma 2.3 , that the tilting with respect to those pairs give the t-structures of Definition 2.2. But it is worth recalling how to decompose an object of Coh(X) into such pairs. Let us take E ∈ Coh(X), and we describe the decomposition of E into the pair (T 0 , F 0 ). First we have the morphism
by truncation. By taking adjunction, we have the morphism in the derived category:
. Then taking its cone, we have the distinguished triangle:
By Lemma 2.1, Rf * T is isomorphic to f * E. Let us consider the associated long exact sequence of cohomologies. It splits into the short exact sequences:
By the above exact sequences, one can easily check H 0 (T ) ∈ T 0 and F ∈ F 0 .
McKay correspondences as derived Morita equivalences
In this section, we show the derived Morita equivalence established in [1] is nothing but the derived McKay correspondence, in the special case as in the introduction. Let G ⊂ SL(2, C) be a finite subgroup such that the quotient C 2 /G has the A N -type singularity. It is well-known that G is a cyclic group of order N + 1. Let ξ ∈ C * be a primitive (N + 1)-th root of unity. Then we can choose a basis of C 2 so that the action of the generator g ∈ G has the following form:
Let us write O C 2 as C [u, v] , where g * u = ξu, and g
Here x = u N +1 , y = v N +1 and z = xy. Let f : X → W be the minimal resolution. Let l ⊂ W be the subscheme whose defining ideal is given by (y, z) ⊂ O W , and let l ⊂ X be its strict transform. Then one of the edges of the irreducible components of the exceptional locus intersects with l, and let us denote it by C 1 . Let C i be the irreducible components of the exceptional locus, such that
In fact we can take L i as follows:
On the other hand, there exist irreducible curves l i ⊂ X which satisfy l i · C j = δ ij . Since elements of Pic(X) are determined by their intersections with exceptional curves, L i is also isomorphic to O X (l i ). Let us define a vector bundle P on X, and an algebra A as follows:
The following theorem is a special case of [1, Theorem A,B]. 
Here Mod(A), Mod(A op ) are Abelian categories of left and right A-modules respectively. The above functors restrict to equivalences:
R Hom(P, * ) :
Let G-Coh(C 2 ) be the Abelian category of G-equivariant coherent sheaves on C 2 as in the introduction. Tautologically, G-Coh(C 2 ) is equivalent to the category of left modules of the smash product
We will see that A is isomorphic to the smash product C[u, v]♯G. Hence Theorem 3.1 also implies the derived McKay correspondence. Proof. For simplicity we write L 0 := O X . Since G acts on π * O V , it splits into the direct sum:
Here the generator g ∈ G acts on π * O
Let us consider the O W -module homomorphism:
Under the above morphism, π * O
(i)
V goes to the ideal (z i , y) ⊂ O W , which is reflexive since π * O V is. We show the following sublemma:
We may assume i = j. There exists a morphism of exact sequences:
Here the right arrow is an isomorphism since i = j. Applying f * , we have the diagram:
j is written as:
j ) is an ideal sheaf, which determines the closed subscheme (j − i)l outside the origin 0 ∈ W . Since it is reflexive, we have the isomorphisms:
Next consider the case i > j. Then we have the following:
On the other hand, the natural pairing
We can write A as
By the sublemma above, we have the isomorphism:
and this gives a G-action on A. Here we regard i, j as elements of Z/NZ. More pre-
). This action preserves the subspace A k , so A k decomposes into the direct sum:
V . Let A l be as follows:
and under the above identification, one can easily check that the ring structure of A coincide with the smash product C[u, v]♯G.
In the Sublemma 3.3 above, we used the following lemma:
Proof. Since W is Gorenstein, Grothendieck duality implies
Hence we have Hom(f * F, O W ) ∼ = f * F . Using Grothendieck duality again, we have
′ be the corresponding Abelian category of G-equivariant sheaves, and denote the changed
Then the corresponding smash product is naturally isomorphic to the opposite ring of the original one. Hence we have the following corollary of Lemma 3.2.
Corollary 3.5 There exist equivalences:
The above functors restrict to equivalences:
′ are equivalent by changing the G-action on O V -modules by −id : G → G again, and this equivalence takes
In other words, the smash product C[u, v]♯G is isomorphic to its opposite by the map:
Hence we have the following corollary:
There exists an auto-equivalence:
which takes O X to O X , and restricts to an equivalence:
Note that since Φ(O X ) = O X , we have Rf * Φ ∼ = Rf * . Later we will use the following generalization of the above corollaries. Let S be a C-scheme. Then by the same argument in this section, we have the equivalences:
and an equivalence:
, and O X×S to O X×S . Φ S is functorial in the following sense. For a morphism g : S ′ → S, the following diagram is 2-commutative:
Indeed, let us take E ∈ D b (Coh(X × S)). Then using the base change formula, we have the following:
and combining the same formula for Rf S * RHom(P S , * ), we have Lg
Later we will compactify X and W , but the author does not know whether Φ extends to the compactifications. Though Morita equivalence extends to the compactifications as in [1] , Φ is constructed through the isomorphism,
op , and it seems hard (at least for the author) to extend this isomorphism to the extended non-commutative sheaf. But for our purpose, the extension of Φ is not needed. Instead, we use the following easy observation. Take A ∈ Coh(X × S) which is flat over S. Then if S is affine, Φ S induces the isomorphism:
Rf S * Φ S (A) −→ Rf S * A.
Let U := X \ ∪C i = W \ {0}. Then restricting to U × S, we get the isomorphism:
Note that both sides are coherent sheaves which are flat over S, and φ S is functorial with respect to S, i.e. Lg * φ S = φ S ′ Lg * for another affine scheme S ′ , and g : S ′ → S. Therefore we can define φ S for any scheme S uniquely and functorial way. We will use φ S to glue sheaves canonically.
Perverse Quot functors and their moduli problems
By the previous section, considering moduli spaces of the quotients O C 2 ⊗ ρ 0 ։ E is equivalent to consider the surjections O X ։ F in p Per(X/W ) for p = 0, −1. In this section, we consider some moduli problems of objects of p Per(X/W ), and introduce some moduli schemes which generalize the perverse Hilbert schemes constructed in [12] . Let X and W be as in the previous section. In order to proceed the moduli constructions, it is necessary to compactify X and W . So let X, W be projective compactifications of X, W respectively. We choose such compactifications as follows:
• f extends to a birational morphism f , such that f is an isomorphism outside W .
• The closures of l j does not intersect each other in X.
For each point s ∈ S, we denote the embedding X × {s} ֒→ X × S by i s . For an object E ∈ D b (Coh(X × S)), we write E s := Li * s E. We define the following functor which generalizes P-Hilb in [12] .
be the functor which assigns a C-scheme S to the set of isomorphism classes of the distinguished triangle in D b (Coh(X × S)):
such that for each point s ∈ S, its derived restriction to X × {s} gives an exact sequence in p Per(X/W ), and E s is numerically equivalent to n-points.
Let us choose extensions of L i to X, and we denote them by the same symbols. Let {k i } 1≤i≤N be non-negative integers and let
Note that L (k 1 ,··· ,k N ) ∈ 0 Per(X/W ). The idea of connecting Hilb n (X) and the moduli space of the quotients in 0 Per(X/W ) by some birational morphisms comes from the following proposition:
Proposition 4.2 Assume k i ≥ 1 for some i. Then there exist morphisms of functors:
Proof. Let S be a C-scheme, and take a S-valued point of
.
By the base change formula in [12, Proposition 3.9], R(f × id S ) * I, R(f × id S ) * E are coherent sheaves on W × S and flat over S, hence determines a S-valued point of
Taking a tensor product with (L i ) S and applying R(f ×id S ) * , we obtain the distinguished triangle:
We show the above triangle is an exact sequence of sheaves, hence determines a S-valued
Hence it suffices to show Rf * (I s ⊗ L i ) and Rf * (E s ⊗ L i ) are coherent sheaves. But since I s | X , E s | X are objects of 0 Per(X/W ), Theorem 3.1 implies R Hom(P,
Before continuing the argument, we explain the idea how to prove Theorem 1.1. Let
Pulling back to each point s ∈ S, we have the exact sequence:
n). Hence we have the morphism of functors:
Hilb
On the other hand, it is well-known that Hilb n (X) is smooth projective. For example, see [7] .
is represented by some smooth projective variety
then the above morphism must be an isomorphism, since both are smooth projective and injective on closed points. Therefore we can connect Hilb n (X) and P 0 -Quot X (O X , n) by some birational transformations. Restricting to some open subsets, we can connect Hilb n (X) and the moduli space of the quotients of O X ∈ 0 Per(X/W ), which coincides with the G-invariant Hilbert scheme on C 2 . So we can reduce our problem to find good moduli spaces of the functor P 0 -Quot X (L, n). But unfortunately, we cannot use the same construction of perverse Hilbert schemes given in [12] directly. First what we want is a moduli space of objects of 0 Per(X/W ) not −1 Per(X/W ), and it seems difficult to give a good characterization for an object of D b (Coh(X)) to be the subobjects of L in 0 Per(X/W ), which ensures the boundedness of these objects as in [12, Proposition 5.1]. To find a good model which contains all the objects of the C-valued point of P 0 -Quot X , we use the equivalence Φ of the previous section and try to construct the moduli space of the objects of −1 Per(X/W ). Fortunately Φ(L) becomes a sheaf, with a torsion. Then we can use the construction of [12] , and produce a space M such that there is one to one correspondence between C-valued point of P 0 -Quot X (L, n) and closed points of M. But this time, the torsion of Φ(L) prevents us to conclude M is a fine moduli space. But for our purpose, the (co)representability is not needed, so we use M instead of a fine moduli space.
Following the idea as above, we show the following lemma:
Proof. Since L ∈ 0 Per(X/W ), we have L ∈ −1 Per(X/W ). Hence it suffices to show H −1 ( L) = 0. Let us take U k ∈ Pic(X) as follows:
Note that U is also written as U = O X ( N i=1 −a i C i ) for some a i > 0. Then there exists an exact sequence:
. Applying Φ, we have the triangle:
Taking the associated long exact sequence of cohomologies, we have H −1 (Φ(U ⊗m )) = 0. On the other hand, for sufficiently large integer m, we can take the exact sequence,
for some integer n i . Since O n i l i is an object of 0 Per(X/W ), Φ(O n i l i ) is concentrated on [−1, 0]. Applying Φ, and taking the associated cohomology exact sequence of the distinguished triangle below,
In what follows L ∈ Pic(X) is one of the line bundles L (k 1 ,··· ,k N ) with k i ≥ 0, and L := Φ(L). As before we can extend L to X in such a way that it is isomorphic to the extension of L outside the exceptional locus of f . Again we denote it's extension by the same symbol L. • I ∈ Coh(X)
• Hom(I, L) = 0.
• The natural map of sheaves f * f * I → I is surjective.
• The sheaf f * I on W is a torsion free sheaf.
Proof. Assume there exists an exact sequence:
Per(X/W ). Then the associated long exact sequence of cohomologies implies I ∈ Coh(X). Applying Rf * we have the exact sequence in Coh(W ):
Since f * L = f * L is torsion free, f * I is also torsion free. Since the cokernel of f * f * I → I is contained in C, it is surjective by Lemma 2. 
It suffices to check E ∈ −1 Per(X/W ). Note that E is concentrated on [−1, 0]. Since the natural map f * f * I → I is surjective, the following morphism is injective:
Hence Rf * α induces a non-zero map, f * I → f * L. Since f * I is torsion-free, Rf * α is injective. As a result, Rf * E must be a sheaf. Proof. One can check the same proof of [12, Theorem 5.5] works. We only show the outline of the proof. Let I ∈ Coh(X) be a subobject of L in −1 Per(X/W ), whose cokernel is numerically equivalent to n-points. First rank one torsion free sheaves on W in a given numerical equivalence class form a bounded family. So we can choose a very ample line bundle O W (1) on W , so that for any torsion free sheaf F on W in the same numerical class of f * I, F ⊗ O W (1) is generated by global sections, and
, and V be the vector space:
Then let us consider the usual Quot scheme Quot X (V ⊗ L, γ). Here γ is a numerical class of I. Note that since the natural map f * f * I → I is surjective, I is a quotient of
There is a locally closed subscheme U ⊂ Quot X (V ⊗ L, γ), which represents the following subfunctor: A S-valued point of U consists of S-flat families of quotients V ⊗ L S ։ F such that for each point s ∈ S, F s satisfies the following:
Let us take the closure U of U in Quot X (V ⊗ L, γ), and fix a very ample line bundle O X (1) on X. This enables us to embed U into a Grassmannian, that sends the quotient V ⊗ L ։ F to the surjection: But this is a closed condition, so it does not affect the proof.) Taking GIT quotient, we have a coarse moduli space P −1 M( L, n). To see it represents the functor, note χ(I, O x ) = 1 for any x ∈ X, since I is rank one. Since I is simple by Lemma 4.5, the argument of [9, Theorem A.6] shows that there exists a universal sheaf on P −1 M( L, n).
Following the construction of P-Hilb in [12] , we define P −1 Q X ( L, n) by the fiber product: [12] showed that P −1 Q X (O X , n) represents the functor P −1 -Quot X (O X , n). But in our case, since L may have torsion, the following morphism in [12, Lemma 6.2]:
may not be surjective, hence we cannot conclude that
hence the horizontal arrows are both bijective on closed points.
Proposition 4.7 There exist morphisms:
gives a flat family of coherent sheaves I on X × S, so that for each s ∈ S, I s admits an injection
Restricting to X, we obtain the object I| X ∈ Coh(X × S). Let Φ S be the equivalence:
in the previous section and Ψ S be its quasi-inverse. Ψ S (I| X ) determines an object of D b (Coh(X × S)), such that for each s ∈ S we have an injection:
is a sheaf which is flat over S. Let V := X \ ∪C i , U := X ∩ V and j : X ֒→ X, j ′ : V ֒→ X and j ′′ : U ֒→ X be open immersions. Note that we have the isomorphism:
as explained in the last of the previous section. The above isomorphism is functorial with respect to both S and flat sheaves I. Now we can define I ′ ∈ Coh(X × S) which fits into the exact sequence:
I ′ is just the gluing of Ψ S (I| X×S ) and I V ×S , and both are flat over S. Therefore I ′ is also flat over S. Note that if we take S = Spec C, and I = L in the above construction, the resulting object I ′ is the original L ∈ Pic(X). Since the above construction is functorial with respect to I, there exists a morphism I
. Let us take its cone E s :
is an injection in −1 Per(X/W ). Then as in the proof of Proposition 4.2, we have
, n). Since the above construction from I to I ′ is functorial with respect to S, we obtain the morphism π (k 1 ,··· ,k N ) ′ .
Proof of the Main theorem
In this section we complete the proof of Theorem 1.
, which contains the quotient whose support is n-disjoint union of points outside the exceptional locus of f .
• be a closed point and represented by the exact sequence
• induces an infinitesimal deformation of I, hence there exists a morphism:
The above map α p is injective. In fact, assume
• consists of I which is a S 1 -flat coherent sheaf on X × S 1 , together with the exact sequence in Coh(W × S 1 ):
If I determines a trivial family I = I S 1 , then
The above isomorphism is compatible with the specialization. Hence two choices of morphisms f S 1 * I S 1 → f S 1 * L S 1 are connected by multiplying some unit of O S 1 .
On the other hand, Hom(I, I) = C by Lemma 4.5, and Ext 2 X (I, I) = Hom(I, I ⊗ ω W ) * by Serre duality. As in the same way of Lemma 4.5, there exists an injection from Hom(I, I ⊗ ω X ) to Hom(f * I, f * I ⊗ ω W ), and the latter can also be embedded into
• . Note that if p corresponds to the quotient which is n-disjoint of union of points on X, then the tangent space at p coincides with the kernel of the trace map:
In our case, H 1 (X, O X ) = 0. Hence α p is an isomorphism for such p. This implies α p is an isomorphism for all p and
• by the fiber product:
In the previous section, we constructed the morphism:
Since tensor products of line bundles to sheaves does not change their supports, it is clear that
• be the reduced and irreducible subscheme of M W (f * L, n), whose general points parameterize subsheaves whose quotients are disjoint union of n-points on X. We have obtained the following:
Proposition 5.2 There exist projective birational morphisms:
gives a symplectic structure.
Proof of Theorem 1.1
First we see there exists a morphism:
for sufficiently large k i . We use the same notation as in the proof of Proposition 4.7. Let 0 → I → O X×S → E → 0 be a S-valued point of Hilb n (X). Taking the tensor product
for sufficiently large k i , we obtain a family of exact sequence of 0 Per(X/W ):
Restricting to X and applying Φ S , we get an object
Per(X/W ). Then as in Proposition 4.7, we can construct I ′ ∈ Coh(X × S) which fits into the exact sequence:
. Also taking the push-forward of the exact sequence (♦), we obtain the exact sequence in Coh(W × S):
The above sequence gives a S-valued point of Quot W (f * L, n), which satisfies f S * (I⊗L S ) ∼ = f * I ′ . Hence we have a desired β by the definition of
• are both smooth and projective, and β is injective on closed points. Hence β is an isomorphism, and restricts to an isomorphism:
Finally, let us consider the G-Hilbert scheme. Let
G be the connected component which contains disjoint union of n-free orbits as in the introduction. Note that P −1 Q X (O X , n) represents the functor P −1 -Quot X (O X , n) by [12] . For simplicity, we write H := P −1 Q X (O X , n) and
We have a universal family, I −→ O X×H −→ E, which parameterizes exact sequences in −1 Per(X/W ). Restricting to X × H, we get the family:
which parameterizes exact sequences in −1 Per(X/W ). Applying Rf H * RHom(P H , * ) in Section 3, we obtain a family of G-equivariant sheaves
which determines a morphism,
On the other hand, Hilb n|G| (C 2 ) has a universal family. Restricting to G-Hilb n (C 2 ), we obtain a family of G-equivariant sheaves:
Hence applying the quasi-inverse of Rf H * RHom(P H , * ), we can get a morphism 
Examples and Applications
Here we describe what happens in the simplest case, that is n = 2 and N = 1 in the situation of Theorem 1.1. Let G = Z/2Z, and G acts on C 2 such that the action of the generator g ∈ G is given by g(u, v) = (−u, −v). Let f : X → C 2 /G be the minimal resolution, and C = P 1 ⊂ X be the exceptional curve of f . Then Hilb 2 (X) contains a closed subscheme Hilb 2 (C) ∼ = P 2 . Let p ∈ Hilb 2 (X) be a closed point, and represented by the exact sequence:
Then p ∈ Hilb 2 (C) if and only if I C ⊂ I. Here I C is the ideal sheaf of C. In this case, we have the following exact sequence:
Hence Hilb 2 (C) is identified with the non-trivial extensions as in the sequence (1):
By the way it's worth noting the following:
The exact sequence (1) corresponds to the decomposition of I with respect to the torsion pair (T 0 , F 0 ).
Proof. The only thing we have to check is Hom(c, O C (−2)) = 0 for c ∈ C ∩ Coh(X). In fact we can check
Here O 0 is the skyscraper sheaf on W supported at the origin. Let us check this. First by Lemma 2.1, One can check G p ∈ 0 Per(X/W ), and taking the composition G p → I C → O X and its cone
we have H 0 (E p ) = O C , and H −1 (E p ) = O C (−2). Since O C (−2) ∈ T 0 by Lemma 6.1, we have E p ∈ 0 Per(X/W ), i.e. the above triangle is an exact sequence in 0 Per(X/W ). Consequently G gives a morphism Z −→ P 0 Hilb 2 (X), and the image of D is P := P(Ext As a summary, we have obtained the following diagram:
Z ⊃ D w w n n n n n n n n n n n n
i.e. we have obtained the Mukai flop.
Finally we see the correspondence between P 0 Hilb 2 (X) and G-Hilb 2 (X). Note that subschemes of length two on W , whose supports are disjoint union of two points, and one of them is 0 ∈ W form a subscheme in Hilb 2 (W ), and is isomorphic to W \ {0}. Its closure is isomorphic to X, and its intersection with Hilb corresponds to subschemes of W whose support is concentrated on 0 ∈ W . Note that the direct push-forward induces a morphism:
Rf * : P 0 Hilb 2 (X) −→ Hilb 2 (W ), and under the above morphism, it is easy to see that P maps to Hilb 2 0 (W ) isomorphically. Let us take the fiber products:
The left two arrows are P 1 -bundles, and the left arrow X C → C has a section, which is equal to P ∩ X. We also denote this section by C. As a summary, we have the following decomposition of P 0 Hilb 2 (X):
Under the above decomposition, the corresponding points (O C 2 ։ O T ) ∈ G-Hilb 2 (C 2 ) are the following. Recall that we denoted O C 2 = C[u, v].
• R 0 · · · there exists a point (
where Z 1 is a free orbit and Z 2 is supported at the origin, which is automatically G-invariant.
• R 2 · · · O T is supported at the origin and isomorphic to C[z, w]/(z 2 , w 2 ). The defining ideals of general points are ((u − av) 2 , (u − bv) 2 ) for a, b ∈ C.
• R 3 · · · O T is supported at the origin and isomorphic to C[z]/(z 4 ). The defining ideals of general points are (u − av, v 4 ) for a ∈ C.
• R 4 · · · O T is supported at the origin and isomorphic to C[z]/(z 4 ). The defining ideals of general points are (u − av − bv 3 , v 4 ) for a, b ∈ C, b = 0.
Note also that in the above list, all the O T are isomorphic to C[G] ⊕2 as G-representations.
